In this paper we compute the three-loop corrections to the β function in a momentum subtraction (MOM) scheme with a massive quark. The calculation is performed in the background field formalism applying asymptotic expansions for small and large momenta. Special emphasis is devoted to the relation between the coupling constant in the MOM and MS schemes as well as their ability to describe the phenomenon of decoupling.
Introduction
Within the perturbative framework, the MS scheme [1, 2] based on dimensional regularization [3, 4, 5] is a well-established scheme for the renormalization of fields and parameters. This applies in particular to α s , the coupling constant of Quantum Chromodynamics (QCD). One of the major advantages of the MS scheme is its simplicity in practical applications. The main reason for this is that it belongs to the class of so-called massindependent schemes where the renormalization constants are independent of the precise configuration of masses and external momenta involved in the problem.
Within the MS scheme, the beta function governing the running of α s is know in the four-loop approximation [6, 7] . In order to correctly account for the heavy-quark thresholds, also the corresponding matching (or decoupling) conditions are needed, which allows for a precise relation of α s at widely separated energy scales like, e.g., the tau lepton and Z boson masses. Four-loop running goes along with three-loop matching, which is also known since more than ten years [8] . 1 Other renormalization schemes which do not have the nice property of massindependence are significantly more complicated from the technical point of viewmainly because one has to deal with Feynman integrals involving many mass scales. Still, at the level of precision which has been reached in the recent years, it is necessary to have a cross check of the dependence on the renormalization scheme. In this paper, we want to provide an alternative set-up to the running and decoupling of α s in the MS scheme and consider a momentum subtraction (MOM) scheme for the definition of α s . We will provide MS to MOM conversion formulae and the MOM beta function in the three-loop order and are thus able to cross check the MS running of α s . A two-loop analysis has been performed in Ref. [11] . In this paper we check the calculation of Ref. [11] and extend the analysis to three loops.
The remainder of the paper is organized as follows: In the next section, we describe our setup. In particular, we derive the relation between the strong coupling in the MS scheme and in two versions of the momentum subtraction scheme and provide the corresponding beta functions. In Section 3, we present our analytical results for the gluon polarization function in the background field formalism and discuss the phenomenological applications in Section 4, where we compare the running in the MS and MOM schemes. Our conclusions are summarized in Section 5.
2 The strong coupling in the MOM scheme For convenience, we adopt Landau gauge, which has the advantage that the renormalization group equations for the gauge parameter and α s decouple. Furthermore, we require that the polarization function of the gluon vanishes for Q 2 ≡ −q 2 = µ 2 > 0. For the practical calculation, we adopt the background field gauge [12] , which has the nice feature that the β function of the strong coupling is determined from the gluon polarization function alone. The latter is given by
which is conveniently decomposed as follows
In the i-loop contribution, the dependence on q, µ and the various quark masses is explicitly displayed. Formulae (1) and (2) hold both in the MS and MOM schemes. The corresponding functions, Π(q 2 ) and Π MOM (q 2 ), can be used to obtain a relation between α s and α MOM s , the strong couplings in the MS and MOM schemes, using the fundamental concept of the invariant charge [13, 14] :
It is an important and unique feature of the background field gauge that the invariant charge is expressible in terms of the coupling constant and the gluon polarization operator only in exactly the same simple way as in QED. We define Π MOM (q 2 ) such that Π MOM (−µ 2 ) = 0 and, consequently, we have
where Π
2 ) has been introduced. It is instructive to look at the explicit expressions in the massless limit with n f = n l massless quarks. In this case, we obtain
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In analogy to the MS scheme, the β function in the MOM scheme is defined through
where -in contrast to the MS scheme -the coefficients β MOM i are functions of the renormalization scale µ and the quark masses. With the help of Eq. (3), where we replace on the right-hand side the MS renormalized quantities by the bare ones, it is possible to obtain a relation between β MOM and the coefficients
From this equation, one can easily derive convenient formulae for β MOM i
. Note that the term in the denominator of Eq. (7) contributes for the first time at the three-loop order. Let us also mention that, starting at this order, a non-trivial q 2 dependence occurs on the right-hand side of Eq. (7) which has to cancel in the proper combination of the Π are known analytically [11] . The three-loop contribution β MOM 2 is evaluated in the asymptotic regions for large and small quark masses analytically in this paper. An approximate formula valid for arbitrary quark masses is easily obtained by interpolation between the low-and high-energy regions.
In the massless limit, the first three coefficients are given by
where C A = 3, C F = 4/3, T = 1/2 and n l is the number of massless quarks. Since the first two coefficients of the β function are scheme independent β MOM 0,ml and β
coincide with their counterparts in the MS scheme. β MOM 2,ml , however, differs from its MS counterpart [15, 16] . It is worthwhile to mention that β MOM 2,ml contains the Riemann ζ function ζ(3), which in the MS scheme only appears at the four-loop order.
The three-loop results in Eqs. (5) and (8) are new, and the two-loop expressions are in agreement with Ref. [11] .
The practical evaluation of Π MOM (q 2 ) entering the equation for the beta function can be reduced to the evaluation of Π(q 2 ) in the MS scheme. The corresponding relation is obtained from Eq. (3), this time for arbitrary values of q 2 and µ 2 , which can be solved for Π MOM . After properly replacing α MOM s by α s using Eq. (4), one gets (the dependence on the quark masses is suppressed)
where
0 is defined below Eq. (4). Note, that by construction we have Π MOM (−µ 2 ) = 0. The polarization function in the MS scheme is obtained in the standard way by renormalizing α s in the MS scheme, the quark masses in the on-shell scheme and taking care of the gluon wave function renormalization.
In Ref. [11] , it has been observed that there are relatively large coefficients in the relation between α s and α MOM s when running from α s (M Z ) down to, say, α s (M τ ). The situation was improved in Ref. [11] by a simple trick of rescaling the scale parameter µ. Let us start from the massless limit corresponding to µ ≫ M t . In this case, relation (5) assumes the form
In a next step, we introduce a new, rescaled MOM scheme with the help of
or, equivalently (with
are given in Eq. (8) . The corresponding generalization of Eq. (4) reads:
In a next step, following Ref. [11] , we tune the parameter x 0 so that the difference between α MOM s and α (6) s starts only in order α 2 s . The result reads
which leads to
It is instructive to look again at the relation between α MOM s and α (6) s for µ ≫ M t , which is now given by 
As compared to Eq. (10), we observe a significant reduction in the magnitude of the coefficients in the rescaled relation (16) , both at the two-and three-loop orders.
there is a different sign in the three-loop coefficient as compared to the two-loop one, which points to a better convergence of the perturbative expansion. In the massless limit, both definitions for α MOM s (µ 2 ), namely Eqs. (11) and (12), are completely equivalent. Following again Ref. [ 
It is interesting to remark that the rescaling procedure significantly improves the MOM to MS relations also for moderate and even rather low values of µ (see below).
In the applications of Section 4, we consider the strong coupling both for energy scales of the order of or larger than and for those significantly smaller than the top-quark mass. In the latter case, we construct different MOM and MOM schemes, which are derived from the choice n f = 5 as the massless limit. In this case, we obtain the values 
The same comments and conclusions hold as for n f = 6.
Results
Let us in a first step briefly describe the evaluation of the gluon polarization function up to three loops within the background field formalism involving heavy quarks with generic mass M Q . The basic idea is to evaluate Π(q 2 ) for large and small external momenta and to obtain an approximation for all values of q 2 /M 2 Q by a simple interpolation procedure. Note that in our case the external momentum is space-like so that there are no problems with particle thresholds. Up to the two-loop order, only one quark flavour can occur in a diagram. At three loops, there are diagrams with a second closed fermion loop so that in principle a further mass scale can occur (see, e.g., the diagram in Fig. 1(g) ). However, we Figure 1 : Sample diagrams contributing to the gluon propagator in the background field formalism at the two-and three-loop orders. Diagrams (a), (b), (e) and (f) only contain massless lines, while the others also contain massive ones due to the presence of the heavy-quark loop (thick line). (We have used the package JaxoDraw [17, 18] to draw the diagrams.) assume a strong hierarchy in the quark masses such that we can always neglect the lighter mass. Thus, in this section, we consider QCD with total number n f of quark flavours. One quark, Q, has the (pole) mass M Q , and all other n l = n f − 1 quarks are considered as massless.
As mentioned above, the MS renormalized polarization function is needed in Landau gauge. However, in our calculation we adopt a general gauge parameter ξ since the complexity is comparable to Landau gauge.
Some sample diagrams for Π(q 2 ) are shown in Fig. 1 . The diagrams are divided into two classes: completely massless diagrams and and diagrams involving massive-quark loops. The only scale in the massless diagrams is the external momentum. Thus they can be evaluated using MINCER [19, 20] . In the second class, the mass of the heavy quark sets another scale which makes the calculation significantly more difficult. The one-and twoloop calculations can be performed analytically, and the results can be found in Ref. [11] . At the three-loop order, however, an exact calculation is not yet possible. We perform an asymptotic expansion in the limits q 2 ≪ M 2 Q and q 2 ≫ M 2 Q . Note that due to the diagrams containing massive-quark loops along with massless cuts (see, e.g., Figs. 1(d) and (h)) also the small-q 2 expansion turns out to be nontrivial. As a result, one encounters ln(q 2 /M 2 Q ) terms also in this limit. All Feynman diagrams are generated with QGRAF [21] . The various diagram topologies are identified and transformed to FORM [22] with the help of q2e and exp [23, 24] . The program exp is also used in order to apply the asymptotic expansion (see, e.g., Ref. [25] ) in the various mass hierarchies. The actual evaluation of the integrals is performed with the packages MATAD [26] and MINCER [20] , resulting in an expansion in d − 4 for each diagram, where d is the space-time dimension.
We computed four expansion terms for small and six terms for large external momentum. In the following, we present only the leading and subleading terms of the corresponding expansions for the gluon polarization operator and the MOM β function for µ 2 = Q 2 and provide the complete expressions in a Mathematica file. 4 For completeness, we also list the one-and two-loop results, which agree with the corresponding expansions of the exact expressions [11] . It is convenient to cast the result in the form
and introduce the variable
The results for the massless MS renormalized polarization function reads 
In the limit Z → 0, we get 
and in the large-Z region, we obtain Π (1),mv 0 
The small-and large-Z expansions of the MOM β function read: 
Note that our result for the MOM β function explicitly demonstrates the validity of the Applelquist-Carazonne theorem [27] at the three-loop level. Indeed, one can easily check that, for i = 0, 1 and 2, one has
where β MOM i,ml (n f ) is the three-loop contribution to the MOM β function in the massless limit (see Eq. (8)).
In Fig. 2 , we present the results for the MOM β function in graphical form, where the one-, two-and three-loop coefficients are shown as functions of Z in the Euclidian region. Next to the low-and high-energy approximations (dashes) including the Z 3 and 1/Z 5 terms, also the interpolation functions (dotted) are shown. At the one-and two-loop orders, these results are compared against the exact result (solid line). For demonstration purpose, we have chosen n l = 5 at the three-loop order. Very similar results are obtained for other values of n l .
Phenomenological applications
In the following, we discuss the numerical impact of the results obtained in this paper. In particular, we consider the MS quantity α (5) s (M Z ) as input value and evaluate the strong coupling at lower and higher energy scales with different numbers of active flavours. On the one hand, this can be done in the MS scheme applying the usual running and decoupling procedure (see, e.g., Refs. [8, 28] ). In this case, one has to specify a scale µ Q where the heavy quark Q is integrated out. On the other hand, it is possible to switch from the MS to the MOM (MOM) scheme for µ = M Z and perform the running with the help of the MOM (MOM) β function. The results obtained at lower and higher energies ) is the exact result from Ref. [11] . (α s (µ)) for µ = 3 GeV is about a factor of ten less than the current best value obtained, e.g., from hadronic τ decay (see, e.g., Ref. [30] ).
In Figs. 3 and 4 , the results of Tabs. 1-4 are shown in graphical from. In particular, we plot the inverse strong coupling as a function of µ both for the MS, MOM and MOM schemes, where in all cases the three-loop approximation is used for the running and the conversion between the schemes. We again choose α 
Conclusions
We have computed the three-loop corrections to the β function of QCD with one heavy and n l massless quarks in a momentum subtraction scheme (MOM). In our three-loop calculation, we do not consider the diagrams involving two different quark masses. Although there are only a few diagrams of this type, their evaluation is significantly more difficult.
We have shown that our results describe the MOM coupling constant evolution in welldefined kinematical regions with three-loop accuracy. Moreover, the numerical analysis of our results has clearly demonstrated the full equivalence of the schemes with explicitly built-in decoupling (MOM and MOM) to the standard MS scheme, which, as is wellknown, does not have such a property.
From the more technical point of view, it has been shown that one can use the MS scheme evolution along with simple conversion relations (derived for the regions either significantly above or below the heavy-quark threshold) to relate the values of the MOM scheme coupling constant from both regions. Finally, we believe that our analysis should help to remove the last traces of doubt about the usefulness of MS-like schemes, which formally do not obey the the ApplelquistCarazzone theorem [27] , for a unified description of mass effects in a broad region of µ
